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1. INTRODUCTION 
In this paper we discuss some properties of certain types of non- 
associative rings, which are called (2i + 1) associative and of degree (2k + l), 
where k > i > 1. The definition of such rings is due to Outcalt [3] and was 
given as a generdisation of the so-called n-associative rings, which were 
first studied by Boers [l]. To save space we refer the reader to the first 
two sections of [4] wherein the necessary preliminaries to this paper are 
presented in a form suitable for our purpose. 
2. We begin by establishing a sequence of right ideals of a non-associative 
ring R. 
PROPOSITION 2.1. S(2i+l, 2k-l)+S(3, 2k+l)+(S(2i+l, 2k-1)+ 
+S(3, 2k+ l))R, k-l>k>l, is a right ideal of R. 
PROOF. We know that S(3, 2k+ 1) +S(3, 2k+ l)R is a right ideal of R. 
(Lemma 2.2 of [3].) Let &=S(2i+ 1, 2k- 1) and S=S(3, 2k+ 1). To prove 
the proposition it is enough to show that (&R)R C &+S+ (St +S)R. NOW 
(&R)R= {St, R, R} +A!$ R2 C S+Sa R, which is sufficient to prove our 
assertion. 
REMARKS. 1. When k = i + 1, we have Proposition 3.1 of [a]. 
2. We can now give a refinement of the sequence of right ideals of R, 
given in Remark 2, after Proposition 3.1 of [4], as follows: 
S(3,3)+5(3, 3)R3 S(3, 5)+5(3, 5)R 3 W&5)+5(3, 7)+(5(5,5)+ 
+S(3, 7))R 3 S(3, 7)+S(3, 7)R 3 . . . r> S(2k- 1, 2k- 1)+S(3, 2k+ l)+ 
+(S(2k- 1, 2k- l)+S(3, 2k+ l))R 3 5(3, 2k+ l)+S(3, 2k+ l)R 1 
IS(5, 2k+l)+S(3, 2k+3)+(5(5, 2k+l)+S(3, 2k+3))RI . . . 3 
r)SPk+l, 2k+l)+S(3, 2k+3)+(S(2k+l, 2k+l)+S(3, 2k+3))Rr) 
r>S(3, 2k+3)+5(3, 2k+3)RI . . . r> . . . . 
We next prove 
PROPOSITION 2.2. Suppose R is (3, 2k+ I)-associative. The left/right 
annihilator of S(2i + 1, 2k - I), k- l> i > 1, is a left/right ideal of R. 
241 
PROOF. We prove one part of this proposition only, as the other is 
easily proved on similar lines. Suppose A is the left annihilator of 
S(2i+ 1, 2k- l)=&, say. Then 
which proves our contention. 
3. In this section ure assume that R is a non-associative ring, whose only 
right ideals are 0 and R. Obviously results of this section are valid for 
rings, which are non-associative, commutative and simple. We first prove. 
PROPOSITION 3.1. If R is (3, 2k + l)-associative and furthermore 
S(2j+l, 2k-1).S(2i+1,2k-1)=0 (l<i,j<k-l), 
then one of the factors in the product is 0. 
PROOF. Let S,=S(2j+l, 2k-1) and &=S(2i+l, 2k-1). If &=O, 
we are done. So let &#O. Because of Proposition 2.1 and (3, 2k+ l)- 
associativity of R, Si+&R is a right ideal of R. As &# 0, we have 
R = St + &R. By Proposition 2.2, the right annihilator of S* is a right ideal. 
Hence St is contained in a right ideal which is the right annihilator of SJ. 
But the smallest right ideal containing St is Si +SsR. Thus SfR= 0 C Sj, 
i.e. Sf is a right ideal and so Sj = 0 or R. If Sj = R, then R is a zero ring 
and is even associative, which contradicts &# 0. Hence SJ= 0, which 
completes the proof. 
PROPOSITION 3.2. Suppose R is (3, 2k + l)-associative and is furthermore 
divisible, k > i + 1, then R is (2k - l)-associative. 
PROOF. From 2.4 and 2.1 of [4] we know that R is (2k+ 2i)-associative, 
where i > 1. Expanding an arbitrary n-associator, where n = 2k+ 2i, we 
get from equation 2.3 of [4], 
k*1 &n--l 
0 = (al, . . . , a,} = x r {al, . . . , an-2r-l}{an-2r, . . . , a,), 
r-i ( > 
since every other product contains an m-associator, where rn> 2k+ 1. 
Replacing asi+ or ast+s or . . . ask+s( by a (3, 2k- 2i- 1)-associator, we 
notice that each of the products on the R.H.S. correspondmg to 
r=i+ 1, . . . . k- 1 is 0, since the second factor in each product is an (x, y)- 
associator, where x> 3 and y > 2k + 1. We are thus left with the term 
corresponding to r =i, so that 
S(2k-1, 2k-l).S(2i+l, 2k--)=O. 
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By the divisibility assumption of the hypothesis, we have S(2k - 1, 2k - 1). 
S(2i + 1, 2k - 1) = 0. (Incidentally, because of the symmetric form for the 
expansion of an n-associator we have S( 2i + 1, 2k - 1). S(21C - 1, 2k - 1) = 0 
even without the additional assumption of commutativity of R.) NOW if 
S(2k-1, 21c-l)#O, thenS(2i+l, 2k-l)=O, by Proposition 3.1. But this 
is a contradiction as S(2k- 1, 21c-- 1) C S(Zi+ 1, 2lc- 1). Thus R is (2k- l)- 
associative. 
REMARK. We note that by putting i = k - 1 in Proposition 3.2, we get 
Theorem 3.2 of [4]. 
4. In this section we assume that R is a non-associative ring which satisfies 
the following property: whenever AB= 0 where A is a left ideal and B is a 
right ideal of R, then either A= 0 or B= 0. Indeed if R is furthermore 
commutative, then R is a prime ring, so that results of this section are 
automatically true for rings which are non-associative, commutative and 
prime. 
PROPOSITION. 4.1. If R is (3, 21c+ 1)-associative and in addition 
S(2j+l, 2k-l).S(2i+l, 2k-l)=O (lgi,j<k-1), 
then one of the factors in the product is 0. 
PROOF. As before let Sj=S(Zj+ 1, 21c--1) and St=S(Zi+ 1, 2k-1). 
Since R is (3, 2k+ 1)-associative, we have S’+ RS, is a left ideal and 
St + &R a right ideal. We will show that (S,+ RS,) . (6’~ f&R) = 0. Indeed, 
6% + RSj) . (Se + &R) = Sj& + (RSj)St + S5(&R) + (RSj)(&R). 
Now S&= 0, by hypothesis. 
(RS,)& = (R, S,, St} + R(S,&) C S(3, 2k+ 1) -I- 0 = 0. 
Likewise S&S’~R) = - {Sf, St, R} + (SpS’~)R = 0. Also 
(RSj)(W) = {R, S,, f&R} -I- R(Sj(SaR)) = 0, 
since R is (3, 2k+ 1)-associative and Sj(S&)=O. Hence either Sj+ R&=0 
or St +StR = 0, i.e. S, = 0 or St = 0, which completes the proof of the 
proposition. 
Using the above Proposition we can prove the following on the lines 
of Proposition 3.2. 
PROPOSITION 4.2. If R is (3, 2k+ 1)-associative and 
then R is (2k - 1 )-associative. 
divisible, 
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REMARK. If R is commutative and i = 1, Proposition 4.2 is the same 
as Theorem 3.5 of [Z]. We observe that we have proved this theorem 
without making use of the properties of the nucleus of R. 
Department of Mathematics 
Sri Venkateswara University 
Tirupati. INDIA. 517502 
REFERENCES 
1. Beers, A. H. - GBn&alisat,ion de l’Associateur, These 1956. Ed. J. v. Tuyl, 
Antwerpen-Zaltbommel. 
2. Beers, A. H. - The Nucleus in a non-associative Ring, Proc. Kon. Ned. Akad. 
v. Wet. A 74 et Indag. Math. 33, 464-470 (1971). 
3. Outcalt, D. L. - Simple n-associative Rings, Pac. J. Math. 17, 301-309 (1966). 
4. Sitaram, K. - On some classes of non-associative Rings, Proc. Kon. Ned. Akad. 
v. Wet. A 76, No. 4 et Indag. Math., 35, No. 4, 368-370 (1973). 
